The class of quasi-convex functions contain all those finite convex functions which are defined on finite closed intervals of real line. The aim of this paper is to establish the bounds of the sum of left and right fractional integral operators using quasi-convex functions. An identity is formulated which is used to find Hadamard-type inequalities for quasi-convex functions. Connections with some known results are analyzed. Furthermore, some implications are derived by considering some examples of quasi-convex functions.
Introduction
Definition 1 Let I be an interval of real numbers. Then a function f : I → R is said to be convex function, if for all a, b ∈ I and 0 ≤ t ≤ 1 the following inequality holds:
f ta + (1 -t)b ≤ tf (a) + (1 -t)f (b).
A convex function is interpreted very nicely in the coordinate plane by the Hadamard inequality
where f : I → R is a convex function on I and a, b ∈ I, a < b.
The Hadamard inequality provides the estimations of integral mean of a real valued function f . It is also considered as a base of defining a convex function, whereas convex functions lead to enrichment of the literature of the subjects like mathematical analysis, functional analysis, statistical analysis, graph theory and many other areas of mathematics. One of the celebrated fields is the theory of inequalities which is actually developed on a very fast track due to convex functions. Convex functions are also very attractive because of their graphical representation and fascinating properties and characterizations (see [26, 
pp. 2-15]).
A finite convex function which is defined on a closed interval is bounded above by maximum of its values at the end points, but the converse needs not be true. This fact motivates us to define another class of functions, called quasi-convex functions.
Definition 2 (See, e.g., [14] , p. 302) Let I be an interval of real numbers. Then a function f : I → R is said to be quasi-convex function, if for all a, b ∈ I and 0 ≤ t ≤ 1 the following inequality holds:
( 1 ) is not a convex function on [-2, 2] but it is quasi-convex function on [-2, 2].
Therefore it is noted that the class of quasi-convex functions contains the class of finite convex functions defined on finite closed intervals. The Hadamard and Hadamardtype inequalities for quasi-convex functions have been studied by many researchers (see [14, 15, 28] and the references therein). For more fractional inequalities of Hadamard and Hadamard-type we suggest references [1, 2, 8, [10] [11] [12] [13] 21] . Our aim is to study these inequalities in fractional calculus.
Fractional calculus is the study of classical calculus in a general form. For example integration and differentiation of arbitrary order is the key of this subject. There are a lot of integral representations of derivatives and integrations of functions of arbitrary order. For details see [5, 18-20, 23, 30] . Next we give the definition of a generalized Mittag-Leffler function E γ ,δ,k,c μ,α,l (·; p) which leads to generalized fractional integral operators. Mittag-Leffler functions are very useful in the solution of differential equations due to their natural existence in their solutions. For details we suggest [3, 4, 7, 16, 18, 19] .
where β p is the generalized beta function defined by
and (c) nk is the Pochhammer symbol defined as (c
.
In [6] , properties of the generalized Mittag-Leffler function are discussed and it is given that E γ ,δ,k,c μ,α,l (t; p) is absolutely convergent for k < δ + (μ). Let S be the sum of series of The upcoming generalized fractional integral operators containing the extended generalized Mittag-Leffler function has been used to generalize several fractional integral inequalities for convex and related functions (see [10, 13, 17] and the references therein). 
and
In [6] , several properties of the extended generalized Mittag-Leffler function and corresponding generalized fractional operators have been studied. In particular in [10, p. 3, Eqs. (5) and (6)], it is proved that
and we denoted
which we will use in our results in the sequel. (4) and (5) Fractional integral inequalities are very important in the theory and applications of differential equations. Such inequalities are also of great importance in the mathematical modeling of the fractional boundary value problems. The aim of this paper is to establish an estimation of the generalized fractional integral operators (4), (5) studied in [6] by using quasi-convex functions. Actually this is a compact formula which gives estimations of all fractional integral operators comprised in Remark 1.4. Further we prove some estimations of the Hadamard-type inequality given in [17, Theorem 2.1, p. 4]. Finally, these results are applied to particular quasi-convex functions, in the result some recurrence inequalities for the generalized Mittag-Leffler functions are obtained.
We organize the results in next two sections. In Sect. 2, first we give the estimate of the sum of left-sided and right-sided generalized fractional integrals defined in (4) and (5) . Then an identity is established to give the estimations of the Hadamard-type inequality [17, Theorem 2.1, p. 4]. Also we reproduce several published results as particular cases of these results. In Sect. 3, applications of these results are discussed by using some examples of quasi-convex functions.
Main results
The very first result provides the bound of the sum of the left-sided and right-sided fractional integrals via quasi-convex functions.
, then for generalized fractional integral operators (4) and (5) the following inequality holds:
where
Proof Since f is quasi-convex function, by using (1) one can has the following inequality:
Make the substitution
in the inequality (9) . Then it takes the form
By using (4) of Definition 4, one can get
Also by using quasi-convexity in the form f ((1 -t)a + tb) ≤ max{f (a), f (b)}, the following inequality can be obtained:
Now make the substitution y = (
in the inequality (12) . Then it takes the form
By using (5) of Definition 4, one can get
Adding (11) and (14), we get (8), which is the required result.
Corollary 2.2
Setting α = β in (8), then we get the following inequality: 
Remark 2.4 If we take α = 1 in (16), then we get the following inequality for a quasi-convex function, which is related to the Hadamard inequality given by Dragomir and Pearce in [9,
The following identity is very important to give the Hadamard-type inequalities.
Lemma 2.5 Let f : [a, b] → R be a function such that f ∈ L 1 [a, b] with a < b. Then for the generalized fractional integral operators (4) and (5) the following identity holds:
Proof One can note that
We first consider the first term of right hand side of (19) : putting z = 1-t, that is, t = 1-z and using the derivative property (3) of the Mittag-Leffler function, it takes the form
Making substitution x = (1 -z)a + zb in the above and then using (5) of Definition 4, we get
Similarly consider the second term of right hand side of (19), we get
here we use substitution x = ta + (1 -t)b.
Now by using the final form of both terms in (19) , identity (18) is established.
In the following we give a Hadamard-type inequality by using the above lemma.
, then for the generalized fractional integral operators (4) and (5) the following inequality holds:
Proof Using Lemma 2.5 and the properties of the modulus, we have
Since |f | is quasi-convex, also using absolute convergence of the Mittag-Leffler function, we have
After simple calculation we get (21) , which is the required result.
Corollary 2.7
Setting ω = p = 0 in (21), then we get the following inequality for RiemannLiouville fractional integrals:
Corollary 2.8 If we take α = 2 in (24), then we get the following inequality for a quasiconvex function:
In the following we give the Hadamard-type inequality by using Lemma 2.5, Hölder's inequality and quasi-convexity of |f | q .
Theorem 2.9 Let f
for k < δ + (μ) and
Proof From Lemma 2.5, properties of the modulus and Hölder's inequality, we have
Since |f | q is quasi-convex, also using absolute convergence of the Mittag-Leffler function,
we have
After simple calculation we get (25) , which is the required result.
Corollary 2.10
Setting ω = p = 0 in (25), then we get the following inequality for the Riemann-Liouville fractional integrals:
Corollary 2.11 If we take α = 2 in (28), then we get the following inequality for the quasiconvex function:
Proof From Lemma 2.5, properties of the modulus and the power mean inequality, we have
After simple calculation we get (29) , which is the required result.
Corollary 2.13
Setting ω = p = 0 in (29), then we get the following inequality for RiemannLiouville fractional integrals:
Corollary 2.14 If we take α = 2 in (32), then we get the following inequality for a quasiconvex function:
Applications
Let us consider the function f (x) = 
Proof For the function f (t) = t 2 the generalized fractional integral operator is evaluated as follows: 
Using (8) 
Now taking α = β in (36), then after simplification we get (33). 
